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SUMMARY

The purpose of this report is to present a practical
application of the calculation of the natural frequency
of a stressed skin monoplane wing in bending and in
torsion. The theories of the methods employed may
be found in the following papers:

Preliminary Study of Fatigue Failures of Metal Pro-
pellers Caused by Engine Impulses and Vibration, Air
Corps Information Circular, Volume VII, No. 618, by
John E. Younger.

Simple Approximate Method of Determining the
Natural Frequency of Torsional Vibration (With Par-
ticular Reference to Monoplane Wings and Propeller
Blades), Airplane Department Memorandum No. 1062,
Matériel Division, Air Corps, Wright Field, by John
E. Younger.

The ecalculations are applied to the Fokker C-2A
monoplane wing, the final results of which are com-
pared to the experimental results reported in the follow-
ing paper: R i

Determination of the Elastic Axis and Natural Peri-
ods of Vibration of the C-2A Monoplane Wing, Air-
plane Department Memorandum No. 1066, Matériel
Division, Air Corps, Wright Field, by Charles J. Spere.

The comparison of the experimental and calculated
results is as follows:

‘ Experi- | Calcu- ‘Per cent
| mental | lated | of error

A R S

10. 60 ‘
|

Frequency in bending _....__.__. 3.95 4.37

Frequency in torsion_ .. _._._... ‘ 12.00 9.83 18.10

In the Air Corps Information Circular No. 618 men-

tioned above, the natural frequency of vibration in
bending is given as

s :_ij_%m%m ----- WY
o2n Y IW. Y 24 Wo¥e2 4 - oo o - W.Y.2 "

in which—

f»= Natural frequency of bending in complete cycles
per second.
W .= Weight per running length of span at different
intervals.
Y .= Corresponding deflections due to W.

The computations for the deflections Y are based
upon the relationship between the loading, shear, mo-
ment, slope, and deflection curves expressed in the
following:

(1)

Loading =W 2)
L

Shear = 0wdx,______--___,-____;____(3)
L

Moment = fo (Shear) dr_ . - o ceo oo (4)

1 L (Moment) dz

Slope %), T ot (5)
. L

Deflection= ‘[q (Slope) do- - oo o (6)

In all the following computations, the graphical
method of integration was used in finding the results
of the above formule. Each curve was plotted against
semispan. The semispan was divided into a number
of small equal sections from which mean values were
found and summed in deriving one curve from another.

The loading curve w was computed from the weight
summation of the various component parts of the
wing (ribs, spars, and plywood covering) plus a cor-
rection factor for each section to make the computed
weight of the wing equal to the actual weight. A cor-
rection factor is usually necessary because of errors
in assumptions and neglect of weight of glue, paint,
varnish, nails, fittings, etc.

The weight of the semispan from the computed
loading curve, AB, Figure 1, is equal to the area
under the curve multiplied by the scale to which it
is drawn and is approximately

2.8 460

5 =644 pounds. (See Figure 1.)

The actual weight of the semispan=—lﬁgﬁ=865
pounds.

Difference of actual and computed weight==865—
644 =221 1b./semispan.

This weight difference was divided equally into 10
parts and assumed to he distributed over 10 equal
areas in the semispaun. '

A —area of semispan=2373.3 square feet.
AA =§’Z1%§=37.33 square feet= 15,380 square
inches.
A weight=2T2(-.-?=22 pounds/ AA uniformly dis-
tributed.

A4 (equal to Ar times mean chord) was found by
scaling from the wing drawing, values of Az, the incre-
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ment of span, and the mean chord to give AA equal
5,380 square inches.

Awt__ 22

Nz Az
will give the correction factors in.pounds per unit
length to be applied over increment Azx. The values
thus found are given in the following table:

Area 1 2 3 4 5
Mean chord, inches___| 14914 14914 145 140 134
Az, inches____._.__.__ 36 36 37 3814 40

Correction, pounds

perinch___.________ 0.61 0.61 0. 60 0.57 0.55
Area 6 7 8 9 10
Mean chord, inches...| 130 125 114 103 8114
Az, inches._...__._.__ 41% 43 47 52 66
Correction, pounds
perineh.._________. 0.53 0.51 0.47 0.43 0.39

The corrections. were plotted against semi-span in
Figure 2 from which values for every 20 inches of span
were added to AB to find the loading curve.

This method of finding the loading curve is somewhat
different from that used by the United States Army.
The Army method is to find—

w=weight per square foot
_ weight of wing 865__ 2.3 pounds per square
area 375 foot,

so that the weight per unit length of wing=w times
mean chord.

The sections were divided into 2-foot lengths. For
section 9, the mean chord is 10.8 feet, so that the
weight per running foot of wing is—

10.8X2.3=24.9 pounds,
-
and the weight per running inch of wing is—

'—2%3=2.07 pounds.

The weight per running inch at the various sections
is given in the following table:

i - 1

Section......._.. 1 \ 2 3 4 5 6
Mean chord...__ 12,50 | 12.50 {12.50 |12.50 |12.25 | 1190
Wt.jineh__._____ 240 | 240 | 240 | 240 | 235 | 228
Section._....._. 7 8 g | 10 n 12
Mesan chord..._. 1150 | 11,12 | 10.80 | 10.50 | 10.12 9. 75
Wt./inch._______ 2,21 | 213 | 207 | 202 | 194 | L8&7
Section__._...... 13 14 15 16 17 18
Mean chord.____ 9.37 | 9.00 | 8.65 | 825 | 8.00 6.75
Wt./inch________ 1.80 | 1.73 | 166 | 158 | 1.53 1.29

This table is plotted in Figure 3 with the loading
curve for the purpose of comparison. The former
method is more accurate.

The semi-span was divided into small sections for

the graphical integration as designated in column 1,

page 7, and the distance between each section is given
in column 2. Column 3 gives the mean weight of wing
per inch for each section taken from the upper curve of
Figure. 1.

The mean results at any section (designated by two
station numbers) are indicated on the horizontal line
between the two stations of that section. Results on
the same line as the stations represent the values there
and are computed from the mean quantities for that
section. .

Thus, column 4 gives the weight at each station for
the wing section to the right (if the right half of the
span is considered) and,

Weight of section at station 19=mean w for section
19-20 multiplied by dzr=0.94X20=18.8 pounds.

Column 5 is the evaluation of equation (3) represent-
ing the total vertical shear at any points, and is the
summation of the shear at all the stations above that
point in column 4, since the vertical shear (zero at
tip) increases to a maximum at the root. Thus, for
station 19,

Vertical shear=18.8+16.649.2=44.6 pounds, and

the mean shear between 19 and 20=44'6;——i'8=35.2

pounds.

These values are used to find the results in column
7, which is the mean shear times dz.

The total moment given by equation (4),

L
M= f (Shear) dz
7]
is represented in column 8, the summation of mean

shear times dx. For station 19,

total moment=2 mean shear times dz of all the sec-
tions between station 19 and the tip.
=704+ 350+ 78+ 0=1132 pound-inches.

From the moment the slope is found by equation (5).

V 1 L (Moment) dx
Slope=~E—J; (——71—)—

dx

~[R

1
' _———E!E

in which—
I=Mean moment of inertia in inches* of both
spars and part of the skin for each section.
M = Corresponding mean moment in pound-inches.
dzr=Length of section in inches.
E=Modulus of elasticity in pounds per square
inch.

In ealeulating I, the plywood covering approximately
four times the width of spar on the top and bottom of
hoth spars was considered as part of the spar. Figure
4 gives the values thus computed, which are listed in
column 10.

Column 11 is the mean values of AI{ dz and for any
station in column 12 the value is for the summation of

M
all the sections below that station in column 11. 2 T

dz for any station in column 12, when divided by E, will
give the slope at that point.
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The slope at station 3, column 12, i the substitution in formula (1). I{ is usually easier to
1 i work in inch units as in these computations. If inch
=g z T dz i units are employed, use---
1 .. . E in pounds per square inch.
—E (321 4287+ 258) . i [ in inches 4.
— L g6 | dr in inches.
E W in pounds per running inch.

. M in pound-inches.
The value E is not substituted until the deflection is | N pound-inehes

found in column 16. - Y will then be in inches, which may be readily con-

M | verted to feet for substitution in the formula.
Column 14 is the summation of the average 7 dz in |

column 13, starting at the root, because the slope there
is zero.

Column 15 is the values of eolumn 14 multiplied by vamn Welaht sTwikia pr Inthlsdmii-dpda
dx. In column 16, E (1,300,000 pounds per square . Cf!lulé; tir 0-2A rhondplarie Wih
inch) is substituted to find the deflection of the wing
in inches due to its own weight. The average deflec- L\ -
tion in feet for each section is given in column 18. N Wing

The mean values of WY and WY? are listed in h
columns 20 and 21, respectively, the summation of 4 \ N
which is required for formula (1), 2 NS A

fb='\/_g\/E.Wn.Yn 0 N \\
27 Y IW.,Y,2 \ N\
SW.Y.=0.7622 BERT! NN
5 N N
= W.Y,2=0.0324 Sz EEAN
322 _fo. e PR \
f;,=‘/—g7r— 22 —=0.905%4.85 E el LILY NN
=4.37 cycles per second. ; A N \\ \\\

The mean experimental value of f=3.95 cycles per ‘EX 0 N D
second. i Plywood cover O

Per cent of error=4'?.’;i5>< 100=10.6 per cent. a ~ M A

95 ol SRS \

The shear, moment, siope, and deflection curves are i NGk AN
plotted in Figures 5, 6, 7, and 8. The shear and L _\m ’3; = S S NN
moment curves are negative; they are zero at the tip - = ] S R a
of the wing and increase to a maximum at the center. e e O Y |
The slope and deflection curves are also*negative but a : -

; : ; 20 | 8D 120 | 180 | 201240 | 240 | 320 | 360 | 4501 4¥0
are zero at the center with their maximum value at Serfii-bparl irl thches -
the tip. fp I

Great care must be exercised with the units. The l Ll

mean deflections Y, in column 18, must be in feet for FIGURE 1
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CALCULATION OF FREQUENCY 'IN TORSION

The natural frequency of vibration in torsion of a
monoplane wing is shown in A. D. M. 1062 to be—

1 /2T e
O @
where—-

S¢=The natural frequency of vibration in com-
plete cycles per second.

J»=The mass polar moment of inertia per unit
length for each wing section measured in
slug inches squared.

6,=The total angle of twist of the shell in radians
between the root and the section under
consideration when subjected to a distrib-
uted torsional moment.

= A6+ A0+ A8+ .. AlGy.
Ady, Af;, AG;, etc., are increments of twist at the
various sections.
The equation of 8, given in A. D. M. 1058 is

QLdz
=RAUE, - (8)

90
in which—
Q=23J .
L=The mean length of periphery of the section
in inches.
J . has the same meaning as in equation (7).
dx="The length of section in inches subjected to
torque.
t="The mean thickness of stressed cover in inches.
A=The average area in square inches bounded
by periphery, L.
E.,=The modulus of elasticity of the cover in
shear in pounds per square inch.
With reference to A. D. M. 1059, the total area of
the airfoil section, A, is—

-
A=0.725 hc t0 0.785 he__________ (9)
For these computations the area of the airfoil is taken—
A =0.731 he.
5\2
L:[2.7 (;) —1—2]0 _______ e 10y
I:=(0.119h+0.256¢) h%_._ . ___ .. (11)
7=0.0435 (¢+6h) 2t_.__________.(12)
Tn=ggaJde. i (13)

In which—
t=thickness of cover in inches.
h=maximum ordinate of section in inches.
c=chord of section in inches. )
J=static polar moment of inertia of airfoil shell
in inches.4
=Iz+1;
Jm=mass polar moment of inertia in slug inches
squared.
p=density in pounds per cubic inch for shell.
L=Ilength of periphery of airfoil section in inches.
Iz and Iy are respectively the moments of inertia in
inches * of the shell about the X and the Y axis through
the center of gravity of the section,

The same sections were used as in the case of bending.
The mean values of h, t, and ¢ are taken respectively
from Figures 9, 10, and 11 and are tabulated in columns
24, 25, and 26. These results are used in the evaluation
of A, L, I;, and I; from equations (9), (10), (11), and
(12), the results of which are listed in columns 27, 28,
29, and 30. A and L are plotted in Figures 12 and 13.

The mean value of J for any section is tabulated in
column 31, and is found from columns 29 and 30 at
that section. 2J for any section is given in column 32,
found by summing all the J’s in column 31 between
that section and the wing tip. ZJ for section 19-20
equals 322+ 1969+ 2877=5168 inches.*

=J, however, must be multiplied by a factor 3.22
since J is composed of not only the shell alone, but also
the ribs and spars. It was assumed that the proportion
of J contributed by the ribs, spars, and shell was the
same throughout the wing. By comparing the total
moment of inertia of a section with that of the wing
covering alone, the factor 3.22 was determined for the
section between stations 9 and 10.

Thus, for ribs— .
Ixnajt>r=0~0418 Al (]_4:)

Tninor=0.454 ¢h® __ . _________ (15)

(See Air Corps Information Cireular No. 597, Volume
V1)

Lonjor and Ininor are, respectively, the moments of
inertia of the rib about the major and minor axis
through the center of gravity.

Troajor=0.0418 [132—(2X0.070) * X [22.9—(2X.070)].
=0.0418 (131.86)3 22.76=2,170,000 inches.*
Tminor=0.454< 131.86 (22.76).°
=1704,000 inches.*

J for rib=2,170,000-+ 704,000 =2,874,000 inches.*
For each section,

J for rib=2,874,000 X%= 1,825,000 inches,! since

there are 14 ribs in 22 sections. From equation (13)

p
322
p =density of spruee in pounds per cubic inch.
=0.0156 lbs. per cubic inch.
dx = width of rib=0.062 inch.

Jm  for ribs=9§%@x1,825,000><(),062;55

J i for ribs= 1,825,000 dx slug inches,? in which——

slug

inches.?

In finding the mass polar moment of inertia of the
front and rear spars, it was assumed that they were
concentrated masses, M; and M», located on the prinei-
pal axis distant r; and 72 from the center of gravity of
the airfoil section Then—

Jw for spars=Mr?+Msrs?

Weight of both spars at section 9-10=0.7 lbs. per
inch span.

Weight of each spar per 20 inches «=0.35X20=7 lbs.

r1=43.7 inches; M1=§g—2-

r9=19.3 inches; M2=§Q%‘
hence— : -
7 7
I for spars=ﬁé>((.43.7)2+3—2"f2>< (19.3)2
=415+ 81=496 slug inches squared.



This value of J,, is not strictly correet as the weight
of the spars is not equally divided according to the
assumption. The proportion of front and rear spar
weights is given in Appendix A by Mr. G. A. Zink.

I for shell=g 5 J o
in which—
J=15,642 inches*.
9-10.)
p=density 3-ply
cubic inch.

dx = length of shell-=
0255
Jm for shell= 399 X 15642 < 20.

=248 slug inches? at section 9-10.

(See  column 31, sce.

bir¢h =0.0257 pound per

=20 inches.

The total mass polar moment of inertia at section
9-10 is the sum of—
Shell = 248 slug inches?.
Ribs= 55 slug inches?.
Spars =496 slug inches?.

Total J . for section 9-10=799 slug inches?.

Jm Of total 799
; o 5=3.22
Ratio of 7 el 248~ 32
whieh, when multiplied by the static polar moment of
inertia, J, gives the total static polar moment of
inertia at that section. Thus, equation (13) becomes

Im=.J:3.22- 32 2

In the actual computations, it is not necessary to
change J to J, for each section by equation (16)
since p, the density of plywood covering, is a constant
in ordinary airplane construction. Equation (7) can
be modified to use J, which simplifies the computations.
From equations (8) and (16)—

»J Lz

0= i, 322 595 W

"ﬂzlﬁfié 1822 gy

0,=0 xs ok (a7
where-—

o=i—j% L _(18)

ZJ is taken over the part of the wing between the
tip and the section considered since the formula for 6,
was derived on the assumption that J is equal to the
distributed torque. If J is used instead of J ,, equation
(7) becomes

—s55—

-]
ft—z,n/&\/m 522, (19)

where p=density of plywood covering in pounds per
cubic inch.

The average values of Af are found from columns
25, 27, 28, and 32 which are listed in column 33.
For example—

ZJL 5165X192 —12.87
442 4X6402X0.047 ’

The A#’s are proportional to the increments of

twist in length dr of the wing. £A6 in column 34 is the

sum of A¢'s in column 33, starting with zero at the

Af at section 19-20=

root, since the wing there is considered rigidly fixed.
A0 al any station gives the total angle of twist, 6, in
3.22 p dx?
"322E,’
in which case dz is 20 inches, E; equals 685,500, and p
equals 0.0257. (See equations (17) and (18).) ZA8
plotted in Fig. 14 shows the shape of the 8, curve.
TS XzZA0 and ZTJTXZA# are found from columns
32, 34, and 35, and are tabulated in 36 and 37 the sum
of which columns arc used in the substitution of
equation (19).
HJ() 322

1

J= 0 VBN S1aV 18500
22.70=293,343>< 108,
ZJ2=5182X107.

. p=0.0255 lbs. per cubic inch.

dr=20 inches.

radians at that point when multiplied by

From tests by the Materials Branch on shear of birch
plywood, page 24,

E,=685,500 pounds per square inch.

_ 1 paeaae [293,343X103 322
f ‘_27‘/"85’500\/ 5182107V 3.22X0.0255%20°
~,<a79,<‘523/ 0.99.

=9. 83 cycles per second.
Experimental f,=12 cycles per second.

Per cent eI‘ror:%=18.1 per cent.

The calculated frequency of torsional vibration is
affected by the rigidity of the spars and the modulus
of shear of birch plywood. The rigidity of the spars
has.been neglected, which, if considered, would give a
higher calculated frequency. Little testing has been
carried out to determine the mndulus of shear of birch
plywood, and until more extansive tests are made the
modulus of shear must he accepted as given.

SHEAR TESTS ON BIRCH PLYWOOD

(Copy of Data Furnished by Materials Branch)

The values for the shear tzst parallel to the face
grain on three equal ply, all birch plywood of 1/16
inch thickness for the beam ol the spruce flanges are
given as follows:

Himat l\golduéus
, Ultimate | of elastic- <
Web No. shear ity in Remarks
shear
Lbs. per | Lbs. per
3q. in. sq. in.
) D 2,140 | 715,000 | This web, located on upper face at
| east end, failed first.
b 2,606 | 656,000 | This web, upper face at west end,
failed second.
Average.__. 2,480 | 685, 500

2. The results were obtained from tests on specimens
383X 5Y4 inches with a gap of ¥4 inch between the shear
tools.

3. The same average values for modulus of elasticity
and shear may be used for the web of beams with
plywood flanges. The values for the modulus of elastic-
ity in shear as given above are only approximate in-
asmuch as the number of specimens tested is limited
and accurate values are difficult to obtain,
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APPENDIX A

The weights of the rear and front spars, as calculated
from the details of the spars between stations 9 and 10,
are 5.84 and 7.08 pounds respectively. These weights
were based on a density of 0.0156 pounds per cubic inch
for the spar material.

The dimensions referred to are at a distance of 190.0
inches from the fuselage, and are as follows:

¢ (chord) =132.0 inches.
h (maximum ordinate) =22.9 inches.
¢t (thickness of plywood shell) =0.070 inches.

The formulas used in the following computations are
the same as those used in the discussion. A sample
computation for the determining of J,, for the wing cell
follows:

I.=[0.119 (22.9)+0.256 (132.0)](22.9)2 (0.070)
=1,342 inches .

1,=1(0.0435)[132.0+6 (22.9)1(132)2 (0.070)
=14,300 inches*.

J=I.+1,

=15,642 inches*.
_ (0.0255)

= 302 (20) (15,642)

=248.0 pounds-inches 2.

J . for the ribs is found as follows:
¢;=c-2 (0.070); ¢;=131.86 inches.
hi=h-2 (0.070); h;=22.76 inches.
Center distance of spars=63.0 inches.
1,=0.0418 ¢3h,.
1,==0.454 ¢;h.
1,=0.0418 (131.86)% (22.76)

=2,170,000 inches ‘.
I,=0.454 (131.863 (22.76)
=1704,000 inches¢.
J=I,+1,.
=2,874,000 inches *.

(0.0156) 4 062 (2,874,000) (

=55.0 pounds-lnches 2,
Jm for the spars.

Distance of C. G. from leading edge of wing=62.7

r1=19.3 inches, r,=43.7 inches.
5.84 7.08
Mi=335 Mr=353
5.84 7.08
J,,.=32.2 (19. 3)2-*-32 5 (43.7)2
=4R87.5 pounds-inches 2.
Weight of rear spar/20 inches of length, stations 9-10.
2.92 pounds weight of web.
2.92 pounds weight of beam.
Total weight of spar, rear, 20 inches length=5.84
pounds.
Weight of front spar/20 inches of length, stations
9-10.
4.21 pounds weight of web.
2.87 pounds weight of beam.
Total weight of spar, front, 20 inches length=7.08
pounds. _
C. G. along z axis=132.0 (0.475) =62.7 inches.
C. G. along y axis=22.9 (0.37) =8.47 inches.
Shell—
J=1,4+1,.
1,=1(0.119h+0.256¢) h%.
1,=[0.119 (22.9) +0.256 (132.0)](22.9)? (0.070).
I1,=1,342.
1,=14,300.
J=15,642.
T 0.0255

32.2
Rib—
Iy:00418 Clshl.
Ix=0454 Clhls.
¢1==¢c-2 (0.070) =131.86 inches.
hi=h-2 (0.070) =22.76 inches.
C. L. rear spar to C. L. front=63.0 inches.
The total J,. for section considered is equal to the
sum of the J,’s of the shell, rib, and spars, or—
Jm=487.54-55.04248.0
=790.5 pounds-ihches 2.
. J o of total _790.5
Ratio of

Jm of shell ZTST)_?’ 19.

(20) (15,642) =248.0.

inches.

(13)

O



